Our interest in this paper is to define and study the concept of the fundamental group of intuitionistic fuzzy topological spaces, which depends on the concepts of intuitionistic fuzzy sets and intuitionistic fuzzy topology. Indeed, the paper is a generalization of the fundamental group of fuzzy topological spaces.
Introduction
The theory of intuitionistic fuzzy set is expected to play an important role in modern mathematics in general and it is highly recommended to replace the notion of fuzzy set as it represents a generalization of fuzzy set. The notion of intuitionistic fuzzy set was first defined by Atanassov [1] as a generalization of Zadeh [7] fuzzy set. After the concept of intuitionistic fuzzy set was introduced, several papers have been published by mathematicians to extend the classical mathematical concepts and fuzzy mathematical concepts to the case of intuitionistic fuzzy mathematics.
Abdul Razak Salleh and Mohammad Tap [5, 6] introduced the concept of the fundamental group of fuzzy topological spaces based on the definition of fuzzy topology defined by Chang [2] .
In this paper, using the concept of intuitionistic fuzzy sets and intuitionistic fuzzy topology obtained by oker [3] , the fundamental group of intuitionistic fuzzy topological spaces is defined and studied.
Preliminary Notes
In this section we recall some of the definitions and results that needed in our study. All basic definitions and results concerning intuitionistic fuzzy sets and intuitionistic fuzzy topological spaces are from Atanassov [1] and Ç oker [3] . Throughout this article X always denotes a non-empty (usual) set and I = [0, 1].
Definition 2.1 [1] An intuitionistic fuzzy set (IFS) A in a universe of discourse U is an object having the form A = { x, µ A (x), υ A (x) : x ∈ U } where the functions µ A (x) : U → [0, 1] , υ A (x) : U → [0, 1] denotes the degree of membership and the degree of non-membership of each element x ∈ U to the set A respectively, and 0 ≤ µ A (x) + υ A (x) ≤ 1 for all x ∈ U .
The support of an IFS A in a universe X is a crisp set that contains all the elements of X that have greater than zero membership values in A and less than one non-membership values in A, that is supp (A) = {x ∈ X : µ A (x) > 0 and υ A (x) < 1} where supp (A) or simply A • denotes the support of the IFS A. Definition 2.3 [3] a) Let c (λ, δ) be an intuitionistic fuzzy point in X such that λ, δ ∈ (0, 1) and A = x, µ A (x) , υ A (x) : x ∈ X be an IFS in X. c (λ, δ) is said to be properly contained in A (c (λ, δ) ∈ A for short) if λ < µ A (c) and δ > υ A (c). b) Let c (δ) be a VIFP in X such that δ ∈ (0, 1) and A = x, µ A (x) , υ A (x) : x ∈ X be an IFS in X. c (δ) is said to be properly contained in A (c (δ) ∈ A for short) if µ A (c) = 0 and δ > υ A (c).
, is the IFS in Xdefined by
For the sake of simplicity, let us denote the IFS
, and let us use the symbol f − (υ A ) for 1−f (1 − υ A ).
An intuitionistic fuzzy topology (IFT) on a nonempty set X is a family τ of IFSs in X satisfying the following axioms: is an intuitionistic fuzzy topology on X introduced by T . The pair (X,τ ) is called the intuitionistic fuzzy topological space introduced by (X, T ).
Thus if ε I is the Euclidean subspace topology on I then (I,ε I ) denotes the IFTS introduced by the (usual) topological space (I, ε I ).
Main Results
In this part of our study we will introduce the concept of Intuitionistic fuzzy path and intuitionistic fuzzy loop as a generalization of fuzzy loops obtained by Zhang [8] .
Definition 3.1 Let (X, τ ) be an IFTS. If α : (I,ε I ) → (X, τ ) is a fuzzy continuous function and E is a fuzzy C 5 −connected in (I,ε I ) with µ E (0) , µ E (1) > 0 and υ E (0) , υ E (1) < 1 then the IFS α (E) is called an intuitionistic fuzzy path in (X, τ ) . The intuitionistic fuzzy points c 1 (λ, δ) and c 2 (γ, θ) in (X, τ ) are called the initial point and the terminal point of the intuitionistic fuzzy path α (E) respectively.
If the initial point equals the terminal point, then we call the intuitionistic fuzzy path an intuitionistic fuzzy loop. We denote the collection of all intuitionistic fuzzy loops in (X, τ ) by Ω ((X, τ ) , c (λ, δ)). The IFP c (λ, δ) is called an intuitionistic fuzzy base point of (X, τ ) and we refer to ((X, τ ) , c (λ, δ)) as a pointed intuitionistic fuzzy space.
are two intuitionistic fuzzy points in an IFTS (X, τ ) and if there exist an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 1 (λ, δ), c 2 (γ, θ) respectively, then there exist an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 2 (γ, θ) , c 1 (λ, δ) respectively.
Proof. Let α (E) be an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 1 (λ, δ), c 2 (γ, θ) respectively. Then α : (I,ε I ) → (X, τ ) is a fuzzy continuous function and the intuitionistic fuzzy set E is C 5 − connected in (X, τ ) . Now defineᾱ : (I,ε I ) → (X, τ ) such thatᾱ (t) = α (1 − t) for every t ∈ I. Thereforeᾱ is a fuzzy continuous function. Now define the intuitionistic fuzzy set F on (I,ε I ) with µ
is an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 2 (γ, θ), c 1 (λ, δ) respectively. Now we have the following lemma which is a generalization of the fuzzy glueing lemma, and therefore we shall refer to it as the intuitionistic fuzzy glueing lemma. 
is a fuzzy continuous function.
Lemma 3.5 Let the intuitionistic fuzzy sets Eand F be C 5 −connected in the
. Then the intuitionistic fuzzy set N defined by
Theorem 3.6 Let c 1 (λ, δ), c 2 (γ, θ) and c 3 (ω, η) be three intuitionistic fuzzy points in an IFTS (X, τ ). If there exist an intuitionistic fuzzy topological path in (X, τ ) with initial point c 1 (λ, δ) and terminal point c 2 (γ, θ) and there is an intuitionistic fuzzy path in (X, τ ) with initial point c 2 (γ, θ) and terminal point c 3 (ω, η) then there is an intuitionistic fuzzy path in (X, τ ) with initial point c 1 (λ, δ) and terminal point c 3 (ω, η).
Proof. Let α (E) be an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 1 (λ, δ) , c 2 (γ, θ) respectively and let β (F ) be an intuitionistic fuzzy path in (X, τ ) with initial and terminal point c 2 (γ, θ) , c 3 (ω, η) respectively. By Lemma 3.4 and 3.5, ψ : (I,ε I ) → (X, τ ) defined by
is a fuzzy continuous function. Moreover N defined by
is an intuitionistic fuzzy path in (X, τ ) with initial point c 1 (λ, δ) and terminal point c 3 (ω, η).
Now we will define the fundamental group of IFTS's after defining the concept of intuitionistic fuzzy homotopy between two intuitionistic fuzzy loops in a given IFTS (X, τ ).
For simplicity, we will denote the IFS and a C 5 − connected intuitionistic fuzzy connected set E in (I,ε I ) with µ E (0) , µ E (1) > 0, υ E (0) , υ E (1) < 1, such that α (E) ⊂ D, then D is said to be an intuitionistic fuzzy path connected in (X, τ ). 
The function H is called an intuitionistic fuzzy homotopy modulo c (λ, δ)between α (A) and β (B), and we write H : α (A) c(λ, δ) β (B) or simply α (A) c(λ, δ) β (B) when no confusion arises. Again for the sake of simplicity we write (*) as
Theorem 3.9 The relation c(λ, δ) on the set Ω ((X, τ ) , c (λ, δ)) is an equivalence relation. τ ) , c (λ, δ) ). Let H (t, s) = α t A(t) for all t, s ∈ I. Hence H (t, 0) = H (t, 1) = α t A(t) for all t ∈ I, and
. And the continuity of Lis guarantied by the intuitionistic fuzzy glueing lemma. As a result c(λ, δ) partitions Ω ((X, τ ) , c (λ, δ)) into disjoint equivalence classes. We will denote the equivalence classes determined by a fuzzy loop α (A) by [α (A)] and we will call it the intuitionistic fuzzy homotopy class of α (A). The collection of such intuitionistic fuzzy homotopy classes will be denoted by π 1 ((X, τ ) , c (λ, δ)). Now we shall define an operation (namely: multiplication) between the elements of Ω ((X, τ ) , c (λ, δ)) which are intuitionistic fuzzy loops. After defining such an operation we shall show that the collection π 1 ((X, τ ) , c (λ, δ)) form a group under this operation, and we will call it the fundamental group (or first homotopy group) of the intuitionistic fuzzy topological space (X, τ ).
Let α (A) , β (B) ∈ Ω ((X, τ ) , c (λ, δ)). Then by theorem 3.2, there exist a fuzzy continuous function ψ : (I,ε I ) → (X, τ ) defined by
and a connected fuzzy set N in (I,ε I ) defined by
For simplicity we will re-define the intuitionistic fuzzy loop ψ (N ) as follows:
Notice that the connected intuitionistic fuzzy set N is given by the subscripts. We write
and ψ (N ) = (α * β) (N ) = α (A) * β (B) and call ψ (N ) the product of the intuitionistic fuzzy loops α (A) and β (B). For the classes [α (A)] and [β (B)] in π 1 ((X, τ ) , c (λ, δ)), we define the product
The question that arise immediately whether this product is well defined or not? Therefore we introduce the following proposition which insures that this product is will defined.
Then the required intuitionistic fuzzy homotopy is given by
The continuity of Lis insured by the intuitionistic fuzzy glueing lemma.
Lemma 3.11
The product · is associative.
It's sufficient to show that
for some connected intuitionistic fuzzy sets E, F in (I,ε I ). It can be shown by arithmetic that
, and {α * (β * σ)} t
Finally we define H : (I,ε I ) × (I,ε I ) → (X, τ ) by
Hence, H is the required homotopy, and the continuity of H is assured by the intuitionistic fuzzy glueing lemma.
Lemma 3.12 The element [o (E)]
where o (E) is a constant intuitionistic fuzzy loop defined by o t E(t) = c (λ, δ), for all t ∈ I is the identity of
Proof. We want to prove that given any intuitionistic fuzzy loop α (A) based at c (λ, δ)
Therefore we must show that (α * o) (B) c(λ, δ) α (A) and (o * α) (D) c(λ, δ) α (A) for some connected intuitionistic fuzzy sets Band Din (I,ε I ). We start by defining
The continuity of His assured by the intuitionistic fuzzy glueing lemma. Therefore H :
can be obtained in the same manner with the homotopy defined by
The following two propositions will be useful in defining the inverse of elements of π 1 ((X, τ ) , c (λ, δ) ). The first proposition will be the base in defining the inverse while the second one will insure that the inverse is welldefined.
Proposition 3.13 Let α (A) ∈ Ω ((X, τ ) , c (λ, δ)). Then there exist a fuzzy continuous functionᾱ : (I,ε I ) → (X, τ ) and a connected intuitionistic fuzzy set
We star by defining H : (I,ε I ) × (I,ε I ) → (X, τ ) by
, where N (t) is in terms of A (2t) and A (2 − 2t) .
and it is easy to check that K :ᾱ (D) * α (A) c(λ, δ) o (E).
Theorem 3.16
The set π 1 ((X, τ ) , c (λ, δ)) form a group under the multiplication.
Proof. follows immediately from Lemmas 3.11, 3.12, and 3.15.
Example 3.17 If (X, τ ) is an IFTS consisting of a single point c (λ, δ), then π 1 ((X, τ ) , c (λ, δ)) consists only of the identity intuitionistic fuzzy homotopy class, that is, π 1 (({c (λ, δ)} , τ ) , c (λ, δ)) is the trivial group.
In the case of ordinary topological space the fundamental groups π 1 ((X, τ ) , x 1 ) and π 1 ((X, τ ) , x 2 ) of a topological space X are known to be isomorphic if X is path-connected. A similar result holds for the fundamental group of fuzzy topological spaces.
In this part of our research we will show that the same result hold in the case of intuitionistic fuzzy topological spaces, that is, given the fundamental groups π 1 ((X, τ ) , c 1 (λ, δ)) and π 1 ((X, τ ) , c 2 (γ, θ)) of an IFTS X then the two fundamental groups are isomorphic if X is an intuitionistic fuzzy pathconnected. Theorem 3.18 Let (X, τ ) be an intuitionistic fuzzy path-connected topological space and c 1 (λ, δ) , c 2 (γ, θ) be an intuitionistic fuzzy points in (X, τ ). Then
Proof. Let ρ (E) be an intuitionistic fuzzy path from c 1 (λ, δ) to c 2 (γ, θ). If α (A) is an intuitionistic fuzzy loop based at c 1 (λ, δ) thenρ (F ) * α (A) * ρ (E) is an intuitionistic fuzzy loop based at c 2 (γ, θ). Therefore we define
Then φ is a homomorphism of groups since
Using the intuitionistic fuzzy pathρ (F ) from c 2 (γ, θ) to c 1 (λ, δ) we define
Thus φ is a bijective and hence an isomorphism. (ii) If 1 : (X, τ ) → (X, τ ) is intuitionistic fuzzy identity function, then 1 * is the identity isomorphism on π 1 ((X, τ ) , c (λ, δ)).
Corollary 3.23
If f : (X, τ ) → (Y, σ) is an intuitionistic fuzzy homeomorphism and c (λ, δ) is an intuitionistic fuzzy point in (X, τ ), then f * is an isomorphism of π 1 ((X, τ ) , c (λ, δ)) and π 1 (Y, σ) , f (c) (λ, δ) .
Proof. By theorem 3.22 f −1 •f = 1 (X, τ ) and f •f −1 = 1 (Y, σ) are intuitionistic fuzzy identity functions. Therefore (f −1 ) * • f * = 1 π 1 ((X, τ ), c(λ, δ)) and f * • (f −1 ) * = 1 π 1( (Y, σ), f (c) (λ, δ) ) are identity isomorphisms.
